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Îïðåäåëåíèÿ

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Îïðåäåëåíèÿ

Êîìïëåêñíûå ÷èñëà − ýòî âûðàæåíèÿ âèäà a+ ib, ãäå i2 = −1.
Êîìïëåêñíîå ÷èñëî ìîæåò áûòü îáîçíà÷åíî òî÷êîé ïëîñêîñòè ñ
êîîðäèíàòàìè (a, b).

Ñóììà êîìïëåêñíûõ ÷èñåë: (a+ ib) + (c+ id) = (a+ c) + i(b+ d)

Ïðîèçâåäåíèå êîìïëåêñíûõ ÷èñåë:
(a+ ib) · (c+ id) = (ac− bd) + i(ad+ bc)

Îáðàòíîå êîìïëåêñíîå ÷èñëî: (a+ ib)−1 = a−ib
a2+b2

Ïóñòü z = a+ ib − êîìïëåêñíîå ÷èñëî. Òîãäà a − âåùåñòâåííàÿ
÷àñòü z, îáîçíà÷åíèå: a = Re z, à b ìíèìàÿ ÷àñòü z, îáîçíà÷åíèå:
b = Im z

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ñîïðÿæåíèå

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ñîïðÿæåíèå
Ñîïðÿæåííîå êîìïëåêñíîå ÷èñëî: z = a− ib. Ôîðìóëû äëÿ
ñîïðÿæåííûõ ÷èñåë:

(z1 ± z2) = z1 ± z2

(z1 · z2) = z1 · z2(
z1
z2

)
=

z1
z2

zn = zn

z + z = 2 Rez = 2a

z − z = 2 Imz = 2b

arg z = 2π − arg z, |z| = |z|

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ìîäóëü è àðãóìåíò

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ìîäóëü è àðãóìåíò

Ìîäóëü êîìïëåêñíîãî ÷èñëà: r = |z| =
√
a2 + b2

|z|2 = z · z

Àðãóìåíò êîìïëåêñíîãî ÷èñëà:
arg z = ϕ, cosϕ = a

r , sinϕ = b
r, ϕ ∈ [0, 2π), tgϕ = b

a. ×åòâåðòü
îïðåäåëÿåòñÿ ïî çíàêàì a è b, íàïðèìåð: a > 0, b < 0 ⇒ ϕ ∈ IV
÷åòâåðòè.

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Òðèãîíîìåòðè÷åñêàÿ è ýêñïîíåíöèàëüíàÿ
ôîðìà

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Òðèãîíîìåòðè÷åñêàÿ è ýêñïîíåíöèàëüíàÿ
ôîðìà

Òðèãîíîìåòðè÷åñêàÿ ôîðìà êîìïëåêñíîãî ÷èñëà:
z = r(cosϕ+ i · sinϕ), ò.ê. a = r cosϕ è b = r sinϕ

Ýêñïîíåíöèàëüíàÿ ôîðìà êîìïëåêñíîãî ÷èñëà: z = r · eiϕ

Èìåþò ìåñòî ôîðìóëû:

ei(ϕ+ψ) = eiϕ · eiψ, ei(ϕ−ψ) =
eiϕ

eiψ
, (eiϕ)n = eiϕn

Òðèãîíîìåòðè÷åñêàÿ (ýêñïîíåíöèàëüíàÿ) ôîðìà óäîáíà äëÿ
óìíîæåíèé, äåëåíèé, âîçâåäåíèÿ â ñòåïåíü è èçâëå÷åíèÿ
êîðíÿ. Îáû÷íàÿ ôîðìà óäîáíà äëÿ ñëîæåíèé è âû÷èòàíèé.

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ýêñïîíåíöèàëüíàÿ ôîðìà

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ýêñïîíåíöèàëüíàÿ ôîðìà

Âûðàæåíèå eiϕ ìû ïîíèìàåì ïðîñòî êàê ñîêðàùåííóþ ôîðìó
çàïèñè âûðàæåíèÿ cosϕ+ i · sinϕ. Ëåãêî óáåäèòüñÿ, ÷òî ñ eiϕ
ìîæíî îáðàùàòüñÿ êàê ñ îáû÷íîé ñòåïåíüþ.

eiϕ · eiψ = (cosϕ+ i · sinϕ) · (cosψ + i · sinψ) =

= (cosϕ · cosψ − sinϕ · sinψ) + i · (cosϕ · sinψ + sinϕ · cosψ) =

= cos(ϕ+ ψ) + i · sin(ϕ+ ψ) = ei(ϕ+ψ)

Íåîáõîäèìî íàó÷èòüñÿ áûñòðî ïåðåõîäèòü îò îäíîãî
ïðåäñòàâëåíèÿ êîìïëåêñíîãî ÷èñëà ê ëþáîìó äðóãîìó.

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ôîðìóëà Ìóàâðà

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ôîðìóëà Ìóàâðà

Ôîðìóëà Ìóàâðà: zn = rn(cosϕ+ i sinϕ)n = rn(cosnϕ+ i sinnϕ)
èëè â ýêñïîíåíöèàëüíîé ôîðìå: zn = (r · eiϕ)n = rn · einϕ

Ñòåïåíè ìíèìîé åäèíèöû:
i4k = 1, i4k+1 = i, i4k+2 = −1, i4k+3 = −i

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Êîðåíü n-îé ñòåïåíè èç êîìïëåêñíîãî ÷èñëà

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Êîðåíü n-îé ñòåïåíè èç êîìïëåêñíîãî ÷èñëà

Ñóùåñòâóåò ðîâíî n ðàçëè÷íûõ êîðíåé n-îé ñòåïåíè èç
êîìïëåêñíîãî ÷èñëà. Âñå îíè ðàñïîëîæåíû â âåðøèíàõ
ïðàâèëüíîãî n-óãîëüíèêà, âïèñàííîãî â îêðóæíîñòü ðàäèóñà
n
√
r.

zk = n
√
z = n

√
r · (cos

ϕ+ 2πk
n

+ i sin
ϕ+ 2πk

n
) = n

√
r · e

ϕ+2πk
n i (1)

ãäå k = 0; 1; . . . ;n− 1

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Êîðíè n-îé ñòåïåíè èç åäèíèöû

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Êîðíè n-îé ñòåïåíè èç åäèíèöû

Êîðíè n-îé ñòåïåíè èç åäèíèöû ñîñòàâëÿþò öèêëè÷åñêóþ
ãðóïïó ïîðÿäêà n: n

√
1 = εk = e

2πk
n i, k = 0; . . . ;n− 1

zk = z0 · εk

n∑
k=0

εk =
n∑
k=0

zk = 0

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Êâàäðàòíûå êîðíè

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Êâàäðàòíûå êîðíè

Äëÿ íàõîæäåíèÿ êâàäðàòíûõ êîðíåé èç êîìïëåêñíîãî ÷èñëà
z = a+ ib íóæíî ðåøèòü ñèñòåìó{

x2 − y2 = a

2xy = b

×èñëà w1 = x1 + iy1, w2 = x2 + iy2 è åñòü êâàäðàòíûå êîðíè èç
÷èñëà z

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ïðèìåð 1. Äåëåíèå

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ïðèìåð 1. Äåëåíèå

Âû÷èñëèì 1−i
3+2i

1− i

3 + 2i
=

1− i

3 + 2i
· 3− 2i
3− 2i

=
(1− i) · (3− 2i)
(3 + 2i) · (3− 2i)

=

=
(1 · 3− (−1) · (−2))− i · (1 · 2 + 1 · 3)

32 − (2i)2
=

=
1− 5i

9− (−4)
=

1− 5i
13

=
1
13
− 5

13
i

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ïðèìåð 2. Âîçâåäåíèå â ñòåïåíü

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ïðèìåð 2. Âîçâåäåíèå â ñòåïåíü

Âû÷èñëèì (1− i)10

z = 1− i. z = a+ ib, ãäå, â íàøåì ñëó÷àå, a = 1, b = −1
r = |z| =

√
12 + (−1)2 =

√
2

îáîçíà÷èì arg z = ψ. Òîãäà tgψ = b
a = −1, ψ ∈ IV ÷åòâ. (ò.ê.

a > 0, b < 0), ñëåäîâàòåëüíî: arg z = 7π
4

Òðèãîíîìåòðè÷åñêàÿ è ýêñïîíåíöèàëüíàÿ ôîðìà:

z = r · (cosψ+ i · sinψ) = r · (cos
7π
4

+ i · sin 7π
4

) = r · eiψ =
√

2 · e7π
4 i

È, íàêîíåö, îòáðàñûâàÿ ïåðèîä:

z10 = (
√

2 · e7π
4 i)10 = 32 · e70π

4 i = 32 · e(6π
4 +8·2π)i = 32 · e3π

2 i =

32(cos
3π
2

+ i · sin 3π
2

) = −32i

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ïðèìåð 3. Èçâëå÷åíèå êîðíÿ

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ïðèìåð 3. Èçâëå÷åíèå êîðíÿ

Âû÷èñëèì 4
√
−i

z = −i
r = |z| =

√
02 + (−1)2 = 1

cosψ = 0
1 = 0, sinψ = −1

1 = −1 ñëåäîâàòåëüíî: arg z = 3π
2

Ýêñïîíåíöèàëüíàÿ ôîðìà:

z = 1 · e3π
2 i = e

3π
2 i

Ïðèìåíèì ôîðìóëó (1):
4
√
−i = 4

√
1 · e(

3π
2 +2πk

4 )i = e(
3π
8 +πk

2 )i

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.



Ïðèìåð 3. Èçâëå÷åíèå êîðíÿ
Èòàê, ïåðå÷èñëèì âñå êîðíè:

z0 = e
3π
8 i = cos

3π
8

+ i sin
3π
8

z1 = e
7π
8 i = cos

7π
8

+ i sin
7π
8

z2 = e
11π
8 i = cos

11π
8

+ i sin
11π
8

z3 = e
15π
8 i = cos

15π
8

+ i sin
15π
8

Ôàäååâ, Ñîìèíñêèé, ãë.2 "Êîìïëåêñíûå ÷èñëà", ïàð. 1;2

/Ïðåäûäóùàÿ | Ñîäåðæàíèå | Ñëåäóþùàÿ.


